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ABSTRACT 
A method is presented for the efficient computation of  n-D (n-dimensional) imbricated sums of 
(direct and inverse) discrete Chebyshev transforms. The algorithm consists essentially in the 
generalization of  well-known onedimensional procedures which are fitted together in order to per- 
form the pre- and post-processing of the Chebyshev coefficients array. 
1. INTRODUCTION 
In the recent past, the use of orthogonal polynomials, and 
in particular Chebyshev polynomials, in numerical ana- 
lysis has been the object of renewed interest [1, 2, 3]. 
This is mainly due to the fact that this particular type of 
polynomials can be treated by the FFT (Fast Fourier 
Transform) metho~l. Furthermore, simple algorithms 
have been known for some time for the calculation of 
cosine series [4, 5, 6]. 
The present paper proposes a generalization of known 
one-dimensional procedures for the evaluation of n 
imbricated sums of direct and inverse discrete Chebyshev 
transforms (DCT). If all the symmetries are taken into 
account, it is possible to solve the problem with order 
(LMN...) log (LMN...) operations on the initial array con- 
taining the Chebyshev coefficients for the direct DCT or 
the function values at the collocation points for the in- 
verse DCT. 
For a 3-D sum, L, M, N are the spectral cut-offs in each 
direction. 
This reduction in the operational count with respect to 
the classical use of recursion formulae and the resulting 
memory economy constitute a real improvement. 
2. GENERAL FRAMEWORK OF THE DISCRETE 
CHEBYSHEV TRANSFORM 
For the sake of simplicity, we will restrict ourselves to 
the presentation of the three-dimensional case. The exten- 
sion and the implementation f the general multi- 
dimensional DCT is straightforward using the simple 
rules which will be presented later on. 
The 3-D real direct DCT is defined by 
a (x i, yj, Zk) = Aij k 
L M N 
= ~ ~ ~ a~mnT~(xi)Tm(Yj)Tn(Zk), (la) 
~=0 m=0 n=0 
while the 3-D inverse DCT is given by 
(C£,L Cm,M Cn, N) a~mn 
L M N - ! 
(SLMN) i=0 j=0 k=0 (ci,L cJ 'M ck'N)-I 
Aij k Ti(x£)Tj(Ym)Tk(Zn), (Xb) 
where T n is the n-th degree Chebyshev polynomial 
specified by 
Tn(X ) = cos(n cos -1 x). 
In (lb), the constants c are normalization factors whose 
values, for example, are c£, L = 1/2, when £=1 ..... L-1 
and C0,L = CL, L = 1. 
The quantities A are evaluated at grid points of the R 3 
space. By choosing xi, yj, z k as the extrema of T L, T M 
and T N respectively, the grid points are the orthogonal 
collocation absdssae and the inverse DCT of (lb) may 
be derived with the help of the orthogonality properties 
of the Chebyshev polynomials. 
It should be noted that through equations (la) and (lb), 
one recovers the duality property between physical 
values at collocation points and harmonic oefficients, 
as in the Fourier case. Therefore, the same algorithm 
may perform the direct and inverse DCT, and will be 
presented for the direct ransform (la). 
From the Chebyshev polynomial definition, it is obvious 
that computing a DCT is equivalent to the evaluation 
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of a discrete Fourier transform (DFT) on a doubled real 
array in each direction. The equivalent DFT follows 
~rom : 
2L-1 2M-1 2N-1 i£ im kn 
Aijk = £~0 m=0Z n=0Z b£mn w2L W'2M W2N' (2) 
where, for example, W~N = exp(2~ri/2N). 
The b coefficients in (2) are related to the a's of (1) by 
the equations, 
£=0 ..... L 
b~m n = a~m n c£, L Cm, M Cn,N, m = 0 ..... M (3) 
n=0 ..... N 
The remaining elements in (2) are obtained by complete 
symmetry in each direction, 
b£,m, n = b2L_£,m,n = b£,2M_m,n = b2L_£,2M_m, n
= b£,m,2N_ n = b2L_£,m,2N_ n = b£,2M_m,2N_ n 
= b2L_~,2M_m,2N_n. (4) 
Similarly, the inverse DCT can be derived from the inverse 
of (2), 
2L-1 2M-12N-1 -i£ -jm -kn 
1 Z E ~ Aij kw2Lw2M W2N" b£mn-(8MNL) i=0 j=0 k=0 
(5) 
The coefficients a are obtained by equation (3). 
The naive way to perform the direct DCT or its inverse 
by the FFT (Fast Fourier Transform) algorithm requires 
operations on an array eight times as large as the initial 
one. Therefore, in order to gain computational speed-up 
and memory economy, the mttkidimensional c se will 
be treated by generalization f one-dimensional proce- 
dures based on the real and symmetric characteristics of
the input data. 
3. SUMMARY OF ONEDIMENSIONAL FFT PROCE- 
DURES 
The results of this section summarize earlier develop- 
ments which appeared in [4] and [71. 
Let us denote the one-dimensional direct and diverse 
FFT by the following equation, 
2N-1 a +-nj i 
/~ = Z = 0 ..... 2N-1. (6) n=0 n --2N' J 
The plus and minus signs correspond to the direct and 
inverse DFT, respectively. 
Several procedures based on simple symmetry properties 
of the coeffidents a allow to evaluate (6) by means of 
the DFT working on a reduced complex array. 
3.1. DFT of symmetric data 
If a n = a2N_n, the coefficients Aj will be symmetric, i.e., 
/~ = A2N_j. [4]. The algorithm performs the following 
steps :
i) Define an intermediate array b n such that 
bn=a2n+i (a2n+l -a2n_ l  ), n=0 ..... N - l ,  (7) 
with bN+ n = b n. 
ii) Perform a DFT of length N 
B j=N~ 1 bnw~ n 
n=0 
iii) Collect the Aj's by the relation 
Aj = -~ (Bj +BN_j) + (Bj-BN_j),j = 1 ..... N-1 (8) 
4 
N-1 
A 0 = B0+n~__ a2n + 1 
N-1 
A N = B 0 -n~ 0 azn+l 
The Aj values forj = N+I  ..... 2N-1 result from the 
symmetry property. 
3.2. DFT of conjugate symmetric data 
= * then the Aj's are real quantities [4]. If a n a2N_n, 
The computational process works as follows. 
1) Define an intermediate array b n such that 
b n = Can+ aN+n ) + ie-+2~rin/2N(an_ aN+n), 
n = 0 ..... N-1 (9) 
2) Perform a DFT of length N 
N-1 
Bj = n~=0 bn w~nJ 
3) Recover the Aj's from the relation 
Bj = A2j+iA2j+I, j = 0 ..... N-I (10) 
3.3. DFT of real symmetric data 
= * quantifies Aj are real and symmetric I fa n = a2N_n a n, 
[4]. In this case, the calculation combines the two pre- 
vious algorithms. 
i) Define according to (7) art intermediate array b n, 
n = 0 ..... N-1. The b n coefficients are conjugate- 
symmetric as the an'S are real. 
ii) Define according to (9) an intermediate array c n 
from bn, n = 0 ..... N/2-1. 
iii) Perform a DFT of length N/2. 
iv) Compute the/~'s through the successive stages, 
N 
Cj = B2j + i  B2j+I, j=0  ..... ~-1  
= 1 (B.+BN .) + ~ (Bj - BN_j), j = 1 ..... N-1 Aj 2 J -J 
N-1 N-1 
A0 = BO +n~=0 a2n+l' AN = BO - ?=0 a2n+ 1" 
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4. ELABORATION OF A 3-D ALGORITHM 
The basic idea of a general algorithm for the n-D case 
rests upon the application of the above c-procedure in
the first direction, thereby providing a complex array 
that is symmetric n the other directions. Hence, the a- 
procedure can be applied in the n-1 remaining directions. 
For a 3-I) direct ransform, the global algorithm proceeds 
along the following sequences. 
4.1. The real Chebyshev array {ag.rn n} is given as initial 
data for £ = 0 ..... L; m = 0 ..... M; n = 0 ..... N. (see (la)). 
These Chebyshev coefficients {agmn} are converted into 
Fourier coefficients {b£m n} by application of (3) and (4). 
4.2. The use of procedure c produces the intermediate 
arrays 
C~,m, n = b2~,m,n+i(b2~+l,m,n-b2~_l ,m,n )  (11) 
£=0 ..... L-1 
m = 0 ..... 2M-1 
n = 0 ..... 2N-1 
d£,m, n = C£,m, n (1 + e 2~'i~/L) + CL+ ~,m,n( 1- e2~'i~/L), 
L 
~=o . . . . .  5 -1  
m = 0 ..... 2M-1 (12)  
n = 0 . . . . .  2N-1  
4.3. Repeated application of procedure a in the second 
and third directions leads to building the following 
arrays : 
e£,m, n = d£,2m,n+i(d£,2m+l,n - d~,2m_l,n ), (13) 
L 9=0 . . . . .  ~-1 
m = 0 .... , M-1 
n = 0 . . . .  ,2N-1  
f~,m,n = e~,m,2n+i(e£,m,2n+ 1 - e~,m,2n-1), (14) 
= 0 ..... L/2-1 
m = 0,..., M-1 
n=0 ..... N-1 
4.4. The FFT method computes the ~-D summation, 
L /~- IM~IN-1  f i~ im kn 
£nm WL/2 w" M w N • Fi'j 'k = £=0 m=0 n=0 
4.5. The postprocessing, operating on the Fij k array, 
yields the Aij k array through the successive stages : 
L 1 ; j=0 ..... M-1  i=0 ..... ~-  
(ii) Di,j, k = 1 (Ei,j,k+Ei,M_j,k) +~(E i j , k_  Eijvl_j,k), 
j=  1,...,M-1 
L/2-1 2N-1 
D. =E. + Z E h0,k  1,0,k ~=0 n=0 
L/2-1 2N-I 
E. - Z E DijM~¢ = t,0~k £=0 n=0 
i~ kn M-1 
WL/2 W2N(m~=0 d£,2m+l,n)' 
(16) 
i~ kn M-1 
WL/2 W2N ( J=0 d£'2m+l #~)" 
i=0 ..... L/2-1; k=0 ..... N. 
(iii) Di~&= C2i,j&+iC2i+l~,k i=  0 ..... L/2-L (17) 
j=0 ..... M 
k=0 ..... N 
(iv) _1  + + 1 . (c . .  - c  . .  ) 
Bi~'k-2(Cid~¢ CL-id'k) 4sin~ t0'k L-ij,k 
i = 1 . . . . .  L-1 (18) 
2M-12N-1 im kn L-1 
B0j ~= Coj,k+m~=0 n-2d0 W'2M W2N (~0 a2~+l'm'n)' 
2M-12N-1 • 2k2k2k2N £L~_10 BL~,k=Coj,k - Z ~ wJ~ivlw ( a2~+l,m,n ). m=0 n=0 
j=0  ..... M; k=0 ..... N. 
It should be noted that each above mentioned step, 
except Off), requires performing intermediate DFT's on 
2-I) arrays which are, respectively, complex in step (i), 
complex and symmetric n the second irection in step 
(ii), and finally, real and symmetric n both directions 
in step (iv). These 2-D arrays are processed by the same 
procedures used for the 3-D arrays. For example, the 
2-I3 DFT appearing in (ii) is treated by procedure a in 
the second irection, while, for step (iv), procedures c 
and a are respectively applied to the first and second 
directions. The postprocessing of these 2-D DFT's will 
lead to the computation of intermediate DFT's on 1-D 
arrays. An analogous algorithm procedure may be 
developed for the one-dimensional arrays. 
Generally speaking, the optimized processing of the n-D 
DCT with the FFT method requires arecursive use of 
DFT's on (n-1)-D .. . . .  1-1) arrays, which will be either 
real and completely symmetric n each direction or 
complex and symmetric n some directions. 
5. NUMERICAL TESTS 
= 1 , .  +., ,+ 1 
(i) El,j, k ]~ri,j, k ri,j,N_ k) ~ (F i J" , - F .  j" N k )'Tablefor theI presentSh°ws executionalgortthmtimesand the°n dassicala CDC 7600recursionCOmputer 
N formula due to Clenshaw [8] and its extension proposed 
k= 1 .... ,N-1 
L/2-1M-1 i~ "m N-1 
Ei,j ,0= Fi'"0+J 9=0Z m--0Z WL/2 wJ~ (Z0e£,m,2n+l),= 
( i s )  
L/2-1 M-1 i~ im N-1 
2~ 2; vcJfi (n~=O e~,m,2n+l)" Ei'j'N = Fi'j '0- 9=0 m=0 WL/2 
by Basu [9 ] .  
If L, M, N denote the spectral cutoffs in each direction, 
the classical recursion formula requires order LMN 
(L+M+N) operations. If the Clenshaw-Curtis algorithm 
[5,6] is embodied in a 3-D computation, the operation 
count becomes order LMN (log L+M+N) due to the use 
of the FFT in the first direction. Note that this last 
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procedure can only produce the inverse DCT (lb). Final- 
ly, the present algorithm works roughly speaking, with 
order LMN (constant +log LMN) operations. In the latter 
operation count, the constant is essentially due to the 
pre- and post-processing procedures. 
The numerical accuracy is that achieved by the classical 
FFT algorithm. 
6. CONCLUSIONS 
By an extensive use of symmetry considerations on the 
Chebyshev coefficients appearing in the n-D discrete 
transforms, the present algorithm provides the user with 
a powerful pre- and post-processing procedure. The 
improvement leads to a significant computational 
speed-up and an important economy of memory space. 
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Program description 
The program is written for l-D, 2-D and 3-D transforms. 
The subroutine NDDCT is the general subprogram which 
manages all the CALL's to the other routines. The user 
must provide the following informations : 
1. A is a real array whose dimensions are N(1), N(2) ..... 
N(NDIM). Each N( I ) - I ,  I = 1 ..... NDIM corresponds to 
the mathematical cutoff in the i-th direction (equation 
(1)). The proposed algorithm requires even mathematical 
cut-offs greater than or equal to 4. The A array contains 
the Chebyshev coefficients for the direct or inverse trans- 
form. NDDCT will return the results to A. 
2. KS is a switch par .ameter. IfKS~g 0, some preliminary 
calculations are performed and stored in WA for sub- 
sequent use. For KS = 0, the size of the work arrays WA 
and WB is printed. If KS)  0, this preliminary stage is 
skipped. 
3. WA is a work array to be dimensioned as 1+3X (L+M+N). 
It must be preserved between two successive identical 
calls to NDDCT. 
4. WB is a second work array which is available for the 
user between two successive calls to NDDCT. The WB 
dimension is 
1+2 max (N(I)- I)  +[max (N(I))] min(1,NDIM-1) 
I=I ,NDIM I=1 .... ,NDIM 
+[max {N(I)X NO)}] min(1,NDIM-2) 
I , J= l  ..... NDIM 
5. N is an integer array whose components are the 
number of Chebyshev coefficients in each direction. 
6. NDIM represents the number of  imbricated sums in 
(1). 
7. IS is the transform sign. IS = 1 for a direct transform 
and IS = -1 for an inverse transform. 
8. NA is the number of words in the array A. Namely, 
NA is equal to N(1), N(1) N(2), N(1) N(2) N(3) if the 
transform is applied to a l-D, 2-D, 3-D problem, 
respectively. 
9. NWA is equal to I+3(L+M+N)  (see point 3). 
10. NWB is computed according to the formula given at 
point 4. 
It should be noticed that the NDDCT subprogram is 
organized around the FOUR2 routine, which performs 
a multidimensional FFT (each dimension is a power of  
two / . 
The FOUR2 parameters are successively 
1. the input data array where the transformed results 
will be returned, 
2. a one-dimensional array containing the dimension 
value in each direction, 
the number of  dimensions, 
the sign of the transform, 
a switch indicating if the data are real, complex or 
the first half of a (conjugate-symmetric) complex 
array. 
3. 
4. 
5. 
The subroutine FOUR2 was provided by N. M. Brenner. 
The programming considerations are explained in his 
Ph. D. Thesis, Department of  Earth and Planetary 
Sciences, MIT, Cambridge, Ms,s, 1969. The program is 
also available from the IBM Program Information Depart- 
merit under reference 360D-13.4.001. 
The user of  the NDDC~ routine can also replace the 
FOUR2 subroutine by his own FFT package. 
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TABLE 1. Execution time in m~i|iseconds on a 7600 
CDC computer 
1-D case 
N 4 8 16 32 64 
Present algorithm 0.135 0.190 0.27 0.47 0.86 
Clenshawformula 0.055 0.125 0.38 1.33 6.91 
2-D case 
N 4,4 8,8 16,16 32,32 
Present algorithm 0.66 1.44 4.44 17.2 
Clenshaw formula 0.43 2.05 12.4 85.1" 
3-D case 
N (4) 3 (8) 3 (16) 3 32,32,16 (32) 3 
Present algorithm 3.2 14. 97. 393. 791. 
Clenshaw£ormula 2.4* 24.* 298.* 1702.* 4100.* 
* These times are estimated by the (L+M+N) LMN law. 
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19 
20 
18 
SUBROUTINE NDDCT(A ,KS ,NA,NB,N,NDIM, IS ,NA,NWA,NNB)  
DIMENSION A(NA) ,WA(NNA) ,WB(NWB) ,N(NDIM)  
DIMENSION J J F (3 ) , IDZR(3)  
COMMON/ SIZES / NTOT,NPREC,NPREV,NCURR,NREMpIAA,ISIGNpJF(3)tIDEQ 
DATA ID I .R (1) , ID IR(2) , ID IR(3) /1 ,2 ,3 /  
ISIGN=IS 
I F (KS .GT .O)  GO TO 10 
TNOPI=8.0~ATAN(1.0)  
ZDJF=O 
NTMX=I 
NOR=I 
NMAXI=O 
NATEST=Z 
DO 13 IDIM=I,NDIM 
IF(N(IDIM).LE.0) GO TO I I  
I F (MOD(N( ID IM) ,2 ) .EQ.O)  GO TO 11 
NTMX=NTMXwN(IDIM) 
NOR=2wNORW(N(IDIM)-I) 
NMAXI=MAXO(NMAX1,N(IDIN)) 
NATEST=NATESTwN(IDIM) 
13 ID JF=ID JF+(N( ID IM) - I ) /2  
ITAB=I+2W(NMAXI-1)  
IDEq=2* ID JF  
ANOR=FLOAT(NOR) 
IF (NDIN-2)  18 ,19 ,20  
ITAB=ITAB+NMAX1 
GO TO 18 
NM12=l+NAXO(N(1)*N(2) ,N(1)*N(3) ,N(Z]*N(3) )  
NM123=NM12+NMAX1 
ITAB=ITAB+NM123-L 
CONTINUE 
IL=O 
DO 15 IDIM=I,NDIM 
NI=N(IDIM)-I 
PIN=TWOPI/FLOAT(NI) 
NI=N1/2 -1  
JF ( ID IM)=IL  
J J F ( ID IM)=JF ( ID IM)  
I L=IL+I  
DO 15 L=I ,N1 
P IL=PIN*FLOAT(L)  
I L=IL+I  
I LD JF=IL+ID JF  
WA( IL )=O.5 /S IN(O.S*P IL )  
WA( ILDJF)=-WA( IL)  
KL=IL+IDEq 
KLDJF=ILDJF+IDEQ 
WA(KL)=SIN(P IL )  
NA(KLDJF)=-WA(KL) 
KL=KL+IDEQ 
KLDJF=KLDJF+IDEQ 
NA(KL)=COS(PIL)  
NA(KLDJF)=NA(KL) 
15 CONTINUE 
KLDJF=KLDJF+I 
WA(KLDJF)=ANOR 
I F (KS .HE.O)  GO TO 10 
WRITE(6,103)  
MRITE(6 ,101)  KLDJF 
MRITE(6 ,102)  ITAB 
WRITE(6,105)  NATEST 
IF(NATEST.NE.NA.OR.NNA.NE.KLDJF.OR.NWB.NE.ITAB) MRITE(6 ,10~)  
WRITE(6,103)  
10 KDJF=IDJF 
I F ( IS IGN.EQ.1)  KDJF=O 
DO 16 IDIM=I,NDIN 
16 J F ( ID IM)=J JF ( ID IM)+KDJF  
IF (NDIM-2)  1 ,2 ,3  
1 CALL DCTI (A ,WA,WB,WB(2) ,N , ID IR ,NA,NNA,1 ,NWB-1)  
GO TO 4 
DCTO0010 
DCTO0020 
DCTO0030 
DCTO0040 
DCTO0050 
DCTO0060 
DCTO0070 
DCTOO080 
DCTO0090 
DCTO0100 
DCTO0110 
DCTO0120 
DCTOOI30 
DCTOOI40 
DCTOOISO 
DCTO0160 
DCTO0170 
DCTO0180 
DCTO0190 
DCTO0200 
DCTO0210 
DCTO0220 
DCTO0230 
DCTO0240 
DCTO0250 
DCTO0260 
DCTO0270 
DCTO0280 
DCTOO&90 
DCTO0300 
DCTO0310 
DCTO0320 
DCTO0330 
DCTO0340 
DCTO0350 
DCTO0360 
DCTO0370 
DCTO0380 
DCTO0390 
DCTO0400 
DCTO0~IO 
DCTO0620 
DCTO0430 
DCTO0~40 
DCTO0650 
DCTO0460 
DCTO0470 
DCTO0480 
DCTO0490 
DCTOO500 
DCTO0510 
DCTO0520 
DCTO0530 
DCTO0540 
DCTO0550 
DCTOO560 
DCTO0570 
DCTOD580 
DCTO0590 
DCTO0600 
DCTO0610 
DCTO0620 
DCTO0630 
DCTO0640 
DCTO0650 
DCTO0660 
DCTO0670 
DCTO0680 
DCTO0690 
DCTO0700 
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100 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
2 CALL DCT2(A ,WA,WB,WB(NMAXl+l ) ,WB(NMAXZ+2) ,N , ID IR ,O,NA,NWA,NMAXl , l ,DCTO0710 
~NWB-NMAXI -1)  DCTO0720 
GO TO 6 DCTO0730 
3 CALL DCT3(A ,WA,WB,WB(NMI2) ,NB(NM123) ,N , ID IR ,NA,NWA,NWB,NM12-1 ,  DCTO0740 
wNWB-NM123+l)  DCTO0750 
IF ( ISZGN.EQ.1)  RETURN DCTO0760 
ANOR=WA(KLDJF) DCTO0770 
DO 17 I= I ,NTMX DCTO0780 
17 A( I )=A( I ) /ANOR DCTO0790 
RETURN DCTO0800 
WRITE46,100)  IDIM,N(IDIM) DCTOOBID 
STOP DCTO0820 
FORMAT(1X, lO(1Hw), lX,29HNDDCT CANNOT USE THE VALUE N( , I1 ,3H)= , I5  DCTOOBSO 
w,33H WHICH SHOULD BE ODD AND POSIT IVE , IO( IHW))  DCTOOB40 
101FORMAT(1X,63HNDDCT-ARRAY SIZE TO BE PRESERVED BETWEEN TWO SUCCESSIDCTOO850 
wVE CALLS= , I5 )  DCTOOB60 
102 FORMAT(6X,60H S IZE OF WORK ARRAY AVAILABLE BETWEEN TWO SUCCESSIVE DCTOOB70 
wCALLS= , I5 )  DCTOOBBO 
103 FORMAT(1X,13041H- ) )  DCTOO890 
10~ FORMAT(1X,57HNDDCT-WARNING-CHECK THE OBJECT-TIME DIMENSIONS OF A,WDCTO0900 
wA,WB) DCTO0910 
105 FORMAT(1X,21HTHE ARRAY A CONTAINS , I IO ,6H WORDS) DCTO0920 
END DCTO0950 
DCTO0960 
DCTO0950 
SUBROUTINE DCT I (A ,WA,AA,WORK,N, ID IM,NA,NNA,NAA,NWORK)  DCTO0960 
DCTO0970 
COMPUTES A 1-D DCT DCTO0980 
N-1 IS  THE MATHEMATICAL CUT-OFF AND MUST BE EVEN DCTO0990 
DCT01000 
COMMON/ SIZES / NTOT,NPREC,NPREV,NCURR,NREM, IAA, IS IGN, JF (3 ) , IDEQ DCT01010 
DIMENSION WA(NWA) ,A(NA) ,AA(NAA) ,WORK(NWORK)  DCT01020 
DCT01030 
PROCEDURE C DCT01060 
DCT01050 
NCURR=N DCT01060 
NREM=I DCT01070 
CALL PROCC(A,NA~AA,WORK, IDIM,NA,NNA,NAApNWORK) DCT01080 
DCT01090 
FOUR2 IS  A N-DIMENSIONAL FFT DCT01100 
1-D FFT DCT01110 
DCT01120 
CALL FOUR2(A ,NCURR~I , IS IGN,1)  DCT01130 
DCT011¢O 
POST PROCESSING DCT01150 
EQNS 417) -418)  ARE COMPUTED DCT01160 
DCT01170 
NPREV=I DCT01180 
NCURR=N DCT01190 
CALL POSTPR4A,NA,AA, I , ID IM,NA,NWA,NAA)  DCTO1200 
RETURN DCT01210 
END DCT01220 
DCT01230 
DCT01260 
SUBROUTINE DCT2(A ,NA,AA,AAA,WORK,N, ID IR , IPASS,NA,NWA,NAA,NAAA,  DCT01250 
NNNORK) DCTO1260 
DCTO1270 
COMPUTES A 2-D DCT DCTO12BO 
N( I ) - I ,4 I=| ,2 ) , IS  THE MATHEMATICAL CUT-OFF IN THE I -TH DCT01290 
DIRECTION AND MUST BE EVEN DCT01.300 
DCT.OI310 
DIMENSION A(NA) ,AA(NAA) ,AAA(NAAA) ,MORK(NNORK) ,N(2) ,WA(NWA)  DCTO1520 
DIMENSION NN(2) , ID IR(2)  DCT01330 
COMMON/ SIZES /NTOT,NPREC,NPREV,NCURR,NREM, IAA, IS IGN, JF (3 ) , IDEQ DCT01340 
IF4 IPASS.NE.O)  GO TO 2 DCT01350 
DCT01360 
PROCEDURE C DCT01370 
DCTO13BO 
NCURR=N(1) DCT01390 
WREN=N42) DCT01600 
CALL PROCC(A,NA,AA,NORK, ID IR(1) ,NA,NWA,NAA,NNORK)  DCT01~IO 
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2 
1 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
3 
C" 
C 
.C 
C 
C 
IAA I=IAA 
CALL UCOPY(AA,A( IAA1) ,NREH)  
NN(1]=NCURR 
NPREV=NN(1)  
GO TO 1 
NN(1)=N(1)  
NCURR=N(2)  
PROCEDURE A 
NREM=I 
CALL PROCA(A ,AA,NORK,NA,NAA,NMORK)  
NN(Z)=NCURR 
FOURZ IS A N-DIMENSIONAL FFT 
2-D FFT 
CALL FOUR2(A ,NN,2 , IS IGN, I )  
THE POST-PROCESSING BEGINS.EQNS(16)  ARE COMPUTED 
I -D  FFT 
CALL FOUR2(AA,NN, I , IS IGN,1)  
NCURR=N(2)  
CALL POSTPR(A ,WA,AA,2 , ID IR(2) ,NA,NNA,NAA)  
IF ( IPASS.NE.O)  RETURN 
EQNS (17) - (18)  ARE COMPUTED 
CALL UCOPY(A( IAA1) ,AADN(2) )  
CALL DCT I (AA,WA,AAA,NORK,N(2] , ID IR(2] ,NAA,NNA,NAAA,NNORK)  
NPREV=I 
NCURR=N(-I) 
NREM=N(Z) 
NTOT=N(1)wN(2)  
CALL POSTPR(A,NApAA, I ,ZDIR(1)pNA,NNApNAA) 
RETURN 
END 
SUBROUTINE DCT3CA,NA,AA,AAA,NORK,N,IDIM,NA,NWA,NAA,NAAA,NHDRK) 
COMPUTES A 3-D DCT 
N( I ) - I , ( I= I ,2 ,5 ) , IS  THE MATHEMATICAL CUT-OFF 
DIRECTION AND MUST BE EVEN 
IN THE I-TH 
DIMENSION A(NA) ,AA(NAA) ,AAA(NAAA) ,NORK(NHORK) ,N(3) ,NN(3) , ID IM(3)  
DIMENSION B(1) , ID IR(2) ,WA(NHA)  
COMMON/ S IZES / NTOT,NPREC,NPREV,NCURR,NREM, IAA, IS IGN, JF (5 ) , IDEQ 
NCURR=N(1) 
NREM=N(2)NN(3)  
CALL PROCC(A,NA,AA,NORK, ID IMKI ) ,NA,NNA,NAA,NNORK)  
IAAI=IAA 
CALL UCOPY(AA,A( IAA1)pNREM) 
NN(1)=NCURR 
PROCEDURE A 
.NPREV=NN( I )  
HCURR=N(2)  
HREM=N(3)  
CALL PROCA(A,AA,NORK,NA,NAA,NNORK)  
NTRAN=NN(1)*N(3)*2  
IAAZ=IAA 
CALL UCOPY(AA,A( IAA2)pNTRAN)  
NN(2)=NCURR 
PROCEDURE A 
NPREV=NN(1)~NN(Z)  
DCTO1620 
DCTO1650 
DCTO1660 
DCTO1650 
DCTO1660 
DCTO1670 
DCTOlq80.  
DCTO1690 
DCT01500 
DCTO1510 
DCTO1520 
DCTO1530 
DCTO15qO 
DCTOI550 
DCTO156D 
DCT01570 
DCT01580 
DCT01590 
DCTO1600 
DCT01610 
DCTO1620 
DCT01630 
DCTO16qO 
DCTO1650 
DCT01660 
DCT01670 
DCT01680 
DCT01690 
DCT01700 
DCT01710 
DCT01720 
DCTO1750 
DCTO17qO 
DCT01750 
DCTO1760 
DCTO1770 
DCTO1780 
DCT01790 
DCT01800 
DCTO1810 
DCT01820 
DCT01830 
DCTO18~O 
DCT01850 
DCTO]860 
DCT01870 
DCTO1880 
DCTO1890 
DCTO1900 
DCTO1910 
DCT01920 
DCTO1930 
DCT019~O 
DCT01950 
DCTO1960 
DCT01970 
DCTOI980 
DCTO1990 
DCT02000 
DCT02010 
DCT02020 
DCT02030 
DCTO2OqO 
DCT02050 
DCT02060 
DCT02070 
DCTOZ080 
DCT02090 
DCT02100 
DCT02110 
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NCURR=N(3) 
NREM=I 
CALL PROCA(A,AA,NORK,NA,NAA,NMORK) 
NN(3)=NCURR 
C 
C FOUR2 IS A N-DIMENSIONAL FFT 
C 3-D FFT 
C 
CALL FOURZ(A ,NN,3 , IS IGN,1)  
C 
C POST-PROCESSING 
C EQNS(15) ARE COMPUTED 
C 2-D FFT 
C 
CALL FOUR2(AA,NN,2 , IS IGN,1)  
NCURR=N(3) 
CALL POSTPR(A ,NA,AA,Z , ID IM(3) ,NA,NNA,NAA)  
C 
C EQNS(16)  ARE COMPUTED 
C 
CALL UCOPY(A( IAA2) ,AA,NTRAN) 
NN(2)=N(~)  
ID IR(1)=I  
ID IR(2)=3 
NPREV=NN(1)  
CALL DCT2(AA,NA,AAA,B,NORK,NN,ZDIR,1,NAA,NNA,NAAA,1,NNORK) 
NCURR=N(2) 
NREM=N(3) 
NTOT=NTRAN~NCURR 
CALL POSTPR(A ,NA,AA,2 , ID IM(2) ,NA,NNA,NAA)  
C 
C EQNS(17) - (18)  ARE COHPUTED 
C 
CALL UCOPY(A( IAA i ) ,AA ,N(2)~N(3) )  
ID IR(1)=2 
CALL DCTZ(AA,NA,AAA,S ,MORK,N(2) , ID IR ,O ,NAA,NMA,NAAA,Z ,NNORK)  
NPREV=I 
NCURR=N(1) 
NREM=N(2)~N(3)  
NTDT=NCURR~NREM 
CALL POSTPR(A ,NA,AA, I , ID IM(1) ,NA,NHA,NAA)  
RETURN 
END 
C 
C 
SUSROUTINE EXPAN(A ,NA)  
C 
C INCREASES THE ARRAY BY ONE LOCATION 
C IN THE DIRECTION TO BE PROCESSED 
C 
DIHENSION A(NA)  
COMMON/SIZES / NTOT,NPREC,NPREV,NCURRjNREN,ZAA, IS IGN, JF (3 ) , IDEQ 
IA=NTOT+I 
NRHI=NREM-1 
NDEC=NPREC~NRM1 
NL=NPREC~(NCURR- I )  
DO 100 N=I ,NRM1 
IA- IA-NPREC 
DO 101 L -1 ,NL  
IA=IA-1  
IAHDEC=IA-NDEC 
101 A( IA )=A( IAHDEC)  
100 NDEC:NDEC-NPREC 
RETURN 
END 
SUBROUTINE POSTPR (A,FACTpAA,ICOHP,IDIN,NA,NFACT,NAA) 
POST-PROCESSING IS PERFORMED 
DCT02120 
DCT02130 
DCT02140 
DCT021SO 
DCTO2160 
DCT02170 
DCT02180 
DCT02190 
DCT02200 
DCTOZ210 
DCT02220 
OCT02230 
DCT022~O 
DCT02250 
DCT02260 
OCT02270 
DCTOZ280 
OCT02290 
DCT02300 
DCT02310 
DCT02320 
OCT02330 
DCT02340 
DCT02350 
DCT02360 
DCT02370 
DCT02380 
DCT02390 
DCT02~O0 
DCT02410 
DCT02~20 
DCT02~30 
OCT02440 
DCT02450 
DCT02~60 
DCT02470 
DCT02480 
OCT02490 
DCT02500 
DCT02510 
OCT02520 
DCT02530 
DCT025~O 
OCT02550 
DCT02560 
DCT02570 
DCTO25BO 
OCT02590 
DCT02600 
DCT02610 
OCT02620 
DCT02630 
DCT02640 
DCT02650 
DCT02660 
DCT02670 
DCTO26BO 
DCT02690 
DCT02700 
DCT02710 
OCT02720 
DCT02730 
DCT02740 
DCT02750 
OCT02760 
DCT02770. 
DCTO27BO 
DCT02790 
DCT02800 
DCTO2BIO 
DCTO2B2O 
i 
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C 
C 
C 
C 
102 
101 
100 
106 
103 
DIMENSION A(NA) ,AA(NAA) ,FACT(NFACT)  
COMMON/ S IZES  / NTOT,NPREC,NPREV,NCURR,NREN,ZAA, IS IGN, JF (3 ) , IDEQ 
1FAC=JF( ID IM)  
MI=NCURR-1  
MOEMI=M1/2 
NPREC=ICOMPwNPREV 
I F (NREM.NE.1)  CALL EXPAN(A,NA)  
IPN =NPR-ECwNCURR 
IPNMI=IPN-NPREC 
IDEM=IPNM1/2  
IPM=NPRECw(MDEMI -1) - ICOMP 
IA=O 
EQN(3)  1S TAKEN INTO ACCOUNT 
COE=0.5  
IF ( IS IGN.LT .O)  COE=I .  
DO 100 N=I ,NREM 
DO 101 L=I ,NPREV 
IB=IA+IPNN1 
DO 102 M=2,MDEHI  
1A=IA+NPREC 
IB=IB-NPREC 
IFA=IFAC+M 
DO 102 IC=I , ICOMP 
IAP IC=IA+IC  
IBP IC=IB+IC  
AUXI=A( IAP IC)  
AUX2=A( IBP IC)  
AUX3=AUXI+AUX2 
AUX6=(AUXZ-AUX2)wFACT(1FA)  
A( IAP IC)=COEN[AUX3+AUX6)  
A( IBP IC)=COE~(AUX3-AUX6)  
1A=IA- IPM 
IA=IA+IPNM1 
IA=0 
1B=O 
COE=COEw2. 
DO 103 N=I ,NREM 
DO 104 L=I ,NPREC 
IA=IA+I 
IAPNMI=IA+IPNMI 
IB=IB+I  
IDB=IA+IDEM 
A( IDB)=COEwA( IDB)  
AUXI=A(1A)  
AUX2=AA( IB)  
A ( IA )=AUXI+AUX2 
A( IAPNM1)=AUX1-AUX2 
1A=IA+IPNNI  
RETURN 
END 
SUBROUTINE PROCA (A ,AA,NORK,NA,NAA,NWORK)  
THE,COMPLEX AND SYMMETRIC ARRAY A IS  ENTERED 
EQN(7)  PRODUCES AN ARRAY READY FOR FFT 
DIMENSION A(NA) ,AA(NAA) ,MORK(NMORK)  
COMMON/ S IZES  / NTOT,NPREC,NPREV,NCURR,NREN, IAA, IS IGN, JF (3 ) , IDEQ 
H I=NCURR- I  
IRO=NCURR+N1 
MDEMI=M1/2 
MDMI=MDENI -1  
NPREC=2wNPREV 
IPN=NPREC*MI  
I PM=IPN-2  
IMDM=NPRECwMDEMI 
IA=1 
ILA=I  
DCT02830 
DCT02860 
DCTOZB5O 
DCT02860 
DCT02870 
DCTO2880 
OCT02890 
DCT02900 
DCT02910 
DCTO2920 
DCT02930 
DCT02940 
DCT02950 
DCT02960 
DCT02970 
DCT02980 
DCT02990 
DCT03000 
DCT03010 
DCT03020 
DCT03030 
DCT03040 
DCT03050 
DCT03060 
DCT03070 
DCT03080 
DCT03090 
DCT03100 
DCT03110 
DCT03120 
DCT03130 
DCT03140 
DCT03150 
DCT03160 
DCT03170 
DCT03180 
DCT0319O 
DCT03200 
DCT03210 
DCT03220 
DCT03230 
DCTO32~D 
DCT03250 
DCTO326D 
DCT03270 
DCT03280 
DCT03290 
DCT03300 
DCT03310 
DCT03320 
DCTO333D 
DCT033~O 
DCT03350 
DCTO336D 
DCT03370 
DCT03380 
DCT03390 
DCT03400 
DcT03410 
DCT03420 
DCT03430 
DCTD3440 
DCT03450 
DCT03460 
DCTO3470 
DCT03480 
DCT03490 
DCT03500 
DCT03510 
DCT03520 
DCT03530 
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C 
C 
C 
C 
C 
C 
C 
C 
NDEC=-NPREC 
EQN(3)  IS CONSIDERED 
COE=I .  
I F ( IS IGN.GT.O)  COE=O.5 
DO 100 N=!,NREM 
NDEC=NDEC+NPREC 
DO 101 L=I ,NPREV 
IB=IA-NDEC 
A(IB )=A(IA ) 
A ( IB+I )=A( IA+I )  
IR=I  
DO 102 M=2,M1 
IA=IA+NPREC 
IR=IR+2 
NORK( IR )=A(IA )wCOE 
102 MORK( IR+I )=A( IA+I )wCOE 
AUXI=O. 
AUX2=O. 
DO 103 M=3, IR ,4  
AUXI=AUXI+WORK(M ) 
I03 AUX2=AUX2+NORK(M+I)  
AA( ILA  )=AUXI+AUXI  
AA( ILA+I )=AUX2+AUX2 
ILA=ILA+2 
IA=IA+NPREC 
IB=IB+IMDM 
A( IB .  )=A( IA  ) 
A( IB+I )=A( IA+I )  
IR=IRO 
IDM=NPREC 
DO 104 N=I,MDM1 
IR=IR-4 
AUXI=WORK( IR+2) -WORK( IR -2)  
AUX2=NORK( IR+3) -WORK( IR - I )  
MMP=IB+IDM 
MMM=IB-IDM 
A(MMP )=WORK(IR )+AUX2 
A(MMM )=MORK( IR  ) -AUX2 
A(MMP+I )=WORK( IR+I ) -AUXZ 
A(MMM+I)=NORK( IR+I )+AUX1 
106 IDM=IDM+NPREC'  
101 IA=IA- IPM 
100 IA=IA+IPN 
IAA=IA-NDEC-NPREC 
NCURR=MZ 
RETURN 
END 
SUBROUTINE PROCC(A ,NA,AA,NORK, ID IN ,NA,NNA,NAA,NMORK)  
THE REAL AND SYMMETRIC ARRAY A IS  ENTERED 
EQNS(7)  AND (9 )  ARE COHBINED TO PRODUCE A-CONPLEX 
ARRAY READY FOR FFT 
DIMENSION A(NA) ,AA(NAA) ,NORK(NNORK) ,NA(NNA)  
COMNON/ S IZES /NTOT,NPREC,NPREV,NCURR,NREM, IAA , IS IGN, JF (3 ) , IDEQ 
MZ=NCURR-1 
MMl=Ml -1  
MP2=NCURR+Z 
MD=JF( ID IM)+I+IDEQ 
IA=I  
IB=I  
EQN(3)  IS TAKEN INTO ACCOUNT 
COE=I .  
I F ( IS IGN.GT.O)  COE=0.5  
DO 100 N=I ,NREM 
DCT03560 
DCT03550 
DCT03560 
DCT03570 
DCT03580 
DCT03590 
DCT03600 
DCT03610 
DCT03620 
DCT03630 
DCT03640 
DCT03650 
DCT03660 
DCT03670 
DCT03680 
DCT03690 
DCT03700 
DCT03710 
DCT03720 
DCT03730 
DCT037~O 
DCT03750 
DCT03760 
DCT03770 
DCT03780 
DCT03790 
DCTO3BO0 
DCT03810 
DCT03820 
DCT03830 
DCT038~O 
DCT03850 
DCT03860 
DCT03870 
DCT03880 
DCT03890 
DCT03900 
DCT03910 
DCT03920 
DCT03930 
DCT039~O 
DCT03950 
DCT03960 
DCT03970 
DCT03980 
DCT03990 
DCTO~O00 
DCT04010 
DCT04020 
DCT04030 
DCT04060 
DCT06050 
DCT04060 
DCTO~070 
DCT06080 
DCT04090 
DCTO~IO0 
DCTO~110 
DCTO~120 
DCT04130 
DCT04160 
DCT04ISO 
DCTO~I60 
DCT06170 
DCT06180 
DCT04190 
DCT06200 
DCTO6210 
DCT04220 
DCT06230 
DCT06240 
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C 
C 
AUXI=A( IA)  
IR=I  
DO 101M=2,NZ 
IR=IR+I  
IA=IA+I  
101 HDRK( IR)=A( IA)wCOE 
SUNR=NORK(IR) 
AUXZ=A( IA+I )  
A ( IB  )=AUXI+AUX2 
A( IB+I )=AUX1-AUX2 
MF=MD 
DO 102 M=3,MM1,2 
MF=MF+I 
MC=MF+IDEQ 
SUMR=SUNR+WORK(N-1) 
IR=MP2-N 
AUXI=MORK(N)+NORK(IR) 
AUX2=WORK(M)-WORK(IR) 
AUX3=MORK(M+I)+WORK( IR-1) -MORK(N-1) -WORK( IR+I)  
AUX4=NORK(M+I) -MORK( IR-1) -MORK(M-1)+WORK( IR+I)  
IB=IB+2 
SINUS=NA(NF) 
COSIN=NA(MC) 
A( IB  )=AUXI-AUX2wSINUS -AUX4wCOSIN 
102 A( IB+I )=AUX3-AUX6wSINUS +AUX2wCOSIN 
AA( N )=SUNR+SUNR 
IB=IB+2 
lOO IA=IA+2 
IAA=IB 
NCURR=M1/2 
RETURN 
END 
SUBROUTINE UCOPY(X,Y,N) 
DIMENSION X(N) ,Y (N)  
DO i I= I ,N  
Y ( I )=X( I )  
RETURN 
END 
DCTO4250 
DCT04260 
DCT04270 
DCTO~280 
DCT04290 
DCTO~300 
DCT04310 
DCT06320 
DCT04330 
DCTO~340 
DCTO~350 
DCT04360 
DCTO~370 
DCTO~360 
DCT04390 
DCTO~600 
DCT04610 
DCT04420 
DCTO~430 
DCTO~O 
DCTO~450 
DCTO~460 
DCT04670 
DCT04480 
DCT04~9O 
DCTO~500 
DCT04510 
DCT04520 
DCT04530 
DCTO~540 
DCTO~550 
DCTO~560 
DCT04570 
DCTO~5BO 
DCTO~590 
DCTO~60O 
DCTO~610 
DCT04620 
DCTO~630 
DCT06640 
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